Duality and differential operators on the Bergman spaces of bounded symmetric domains  by Yan, Zhimin
JOURNAL OF FUNCTIONAL ANALYSIS 105, 171-186 (1992) 
Duality and Differential Operators on the Bergman 
Spaces of Bounded Symmetric Domains 
ZHIMIN YAN* 
Department of Mathematics, Graduate School of the City University of New York, 
33 W. 42nd Street, New York, New York 10036 
Communicated by D. Sarason 
Received August 20, 1990 
Let D be an irreducible bounded symmetric domain of tube type in C”, and 
L:(D) the Bergman space, the closed subspace of Lq(D) consisting of holomorphic 
functions. In this paper, we introduce some differential operators on D and use 
them to describe the dual and predual of LA(D). We have the following main 
results: 
THEOREM A. Let r be the rank of D and p = 2n/r, then, for every positive integer 
s, there exists a differential operator 9’ on D such that 
9;K(z, w) = c, K(z, w)’ + ‘l”, 
where K(z, w) is the Bergman kernel of D, and c, is some constant. 
THEOREM B. Let 
and 
a’(D)= {f e L;(D) 1 sup K(z, z)-‘:P I( <a} 
-ED 
%(D) = If EL:(D) I ;!mo K(z, z)-“~ I( =O}, 
then, jbr all s > n/r - 1, 
L;(D)* = B’(D), 
a;(D)* = L;(D). 
c 1992 Academic Press, Inc. 
1. INTRODUCTION 
Let D be a bounded symmetric domain of tube type in C” with dV the 
normalized Lebesgue measure on it. The Bergman space L:(D) is the 
closed subspace of L4(D, dV) consisting of holomorphic functions. It is 
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known that L:(D) has L:‘(D) as its dual and predual for all 1 <q < + CC 
with l/q + l/q’= 1. However, the case q = 1 becomes more subtle even 
when D is the unit disk in the complex plane. More precisely, if D = U, the 
unit disk in C, then, the dual and predual of LA(U) can be identified with 
the Bloch space and little Bloch space, that is, 
mJ)* = {fc fv) I sup I(1 - 1.4) f’(z)1 < 00 > 
ZCU 
wJ)= {f~wJ) I =tyu I(1 - I4)fYZ)I =q*. 
(1) 
(2) 
See Cl]. In the case of the unbounded realizations of symmetric domains, 
an analogue of (1) was obtained in [Z]. In the case of bounded symmetric 
domains, characterizations of the dual and predual of LA are given in terms 
of the reduced Hankel operators in [9]. In this paper, we shall introduce 
some differential operators on D, use them to describe the dual and predual 
of LA(D), and get analogues of (1) and (2). 
Throughout this paper, D will denote an irreducible bounded symmetric 
domain of tube type. We state our main results as follows: 
THEOREM A. Let r be the rank of D and p = 2n/r, then, for every positive 
integer s, there exists a differential operator 9’ on D such that 
~;K(z, w) = c,K(z, w)’ +‘lp, 
where K(z, w) is the Bergman kernel of D, and c, is some constant. 
THEOREM B. Let 
@(D) = {f E L;(D) I sup K(z, z)-“‘~ I( < a~} 
Z6D 
and 
%(D) = {f E L:(D) I )nD K(z, z)-“‘~ IWf)(z)l = O}, 
then, for all s > n/r - 1, 
L;(D)* = B’(D), 
a;(D)* = L:(D). 
2. SOME NOTATION AND FACTS 
Let V be a (real) simple Euclidean Jordan algebra of rank r, Vc its 
complexification, and X2 the interior of the set of the squares in V. Vc is 
a Jordan algebra over C. 
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For x, y E I/‘, one defines 
L(x): vc --, vc 
L(x) Y = XY 
x 0 Y = L(XY) + cm), UY)l. 
We denote by D the unit ball of Vc for the norm \Iw 0 ~11. It is known 
that every irreducible bounded symmetric domain of tube type can be 
realized as such a unit ball. 
We fix a complete system of orthogonal idempotents {c,, . . . . c,} in V. 
V has the Peirce decomposition 
where vjk, j # k, have the same dimension a. 
Let Vi=(u~V)L(cl+ . ..+ci)o=u}. i=l,...,r, then Vi are sub- 
algebras of V. We denote by d(x) the generalized determinant polynomial 
on V. For an r-tuple m=(m,,...,m,)EZ; with m,>m,2 . ..>m.>O, 
abbreviated as m 2 0, one defines 
A,(x) = A Y’-“*(x). . ~A~~-*‘-“‘(x) A?(x), 
where di(X)= di(Pi(X)), Pi is the orthogonal projection on V,, and A, 
is the generalized determinant polynomial on Vi. d,(x) is a polynomial 
on V, 
For an s-tuple c1= (aI, . . . . a,) E Z,\, let IaJ = a1 + ... + a,. 
Let 9’(V) be the space of polynomials on V, 9( Vc) the space of 
holomorphic polynomials on V ‘. For PE 9( V), taking an orthogonal 
basis of V, one expresses p in terms of the coordinates as 
P(X, 3 ..‘3 x,) ==&.,GN aax’, where xa =xLI1 ...xar, and defines a linear 
differential operator p(8/8x) by 
where (a/ax)’ = (a/ax,)‘l . . . (a/a~,)‘~. For q(z) = C,,, G N b,z’ E 9( V’), 
similarly, one defines q(d/az) by 
where (c?/~z)’ = (a/~Tz,)~’ .. .(a/a~,)~~. 
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With some abuse of notation, for 1~ C, m >O, we write m-II for 
(m, -1, . . . . m, - A). We have 
LEMMA 1 (see [3]). Zf m,> 1, 
The Fischer inner product on 9( I”) is defined by 
(Plcl)F=P (i) mjzzo. 
It is known that (e.g., see [4, 81) 
where each 9, is a finite dimensional Hilbert space with the Fischer inner 
product and every p E P”, is of degree [ml. 
For each m 20, there exists a function Km(z, w) on Vc x I”, 
holomorphic in z, antiholomorphic in w, such that 
f(w)=(flc)F (3) 
for all w E Vc and f l Pm, where K:(z) = Km(,z, w). 
For I E C, one defines 
(/I),= lj (+) ) (4) 
i= 1 mi 
where (u)~ = a(a + 1) . . . (a + k - 1) and (u)~ = 1. 
Let G be the identity component of Aut(D) and K the isotropy subgroup 
of G at 0. We denote by h(z) the K-invariant polynomial on Vc whose 
restriction to {XI= i uici 1 a, E R, i = 1, . . . . r} is given by 
Let 
h ,$,UjCi = Jj (leaf)' 
(. > i= 1 
h(z, w)=exp i z-aexp i w&h(z), 
j=l ‘aZj j=r Jazi 
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then 
h(z, w) -P = K(z, w), 
where p = 2n/r. See [4]. 
The following theorem is very important to us. 
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THEOREM 2 (Theorem 3.8 in [4]). Let D he a bounded symmetric 
domain. For all A E C and all z, w E D, we have 
h(z, IV-‘= c (A), Km(z, w). 
ma0 
The series converges uniformly and absolutely on compact subsets of D x B. 
3. THE DIFFERENTIAL OPERATORS 9' 
In this section, we define some differential operators. 
For gc GL( Vc) (GL( V) resp.) and f a function on I/’ (V resp.), one 
defines 4g)fby (4g)fNx) =fW’xl. 
When x is in the symmetric one Sz, d(x) is positive, thus one can define 
a differential operator on 52 by 
for all real numbers /?. It is known and obvious that d(x)’ -B A(c?/~x) 0d(n)” 
is an invariant differential operator on 52, that is, 
(6) 
for all gEG(C)= {gEGL(V) 1 gQ=Q}. 
Let 
for real i. Since D(A) is an invariant differential operator on a, by Proposi- 
tion 3.3 in [6], there exists a polynomial Q;.(x, y) on Vx V such that 
D(Q=Qj. X, $ 
( > 
on s2, moreover, Q,(X, y) is symmetric in x, v. 
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We note that Q,(x, a/ax) is defined on V. As in Section 2, we can define 
Q,&z, a/&z) in an obvious way. 
LEMMA 3. For f E pm, 
(Q+$)f) (z)=~,,,(~)f(z), 
where /i,(L)=flJxl (A+mj-((j-1)/2),). 
Proof: It follows, for example, from Proposition 4.2.5 and Theorem 
4.2.7 in [S] that {n(g) d,(z) 1 g E G(Q)} spans 9,. So it is enough to 
prove the lemma for f(z) = (n(g) d,)(z). By Lemma 1 and (6), we have 
WA)(Q) A,)(x) = (4g)oW1) A,)(x) 
=hn(~)(n(g) A,)(x)9 VXEQ. 
Since Q,(x, a/ax) = D(1) on D and 52 is an open subset of V, we get 
(Q+&)Wm) (xl = /4~)(4g) A,)(x) VXE v. 
Replacing x by z and a/ax by a/az yields the lemma. 
LEMMA 4. For each m>O 
ProoJ Since K:(z) = Km(z, w) E pm, the lemma follows immediately 
from Lemma 3. 
Now we can establish the main result of this section. 
THEOREM 5. For all real numbers 1, 
Q.( -1 ; z,iz h(z,w)-"=fi d-l i=, ( ,a)&, w)-('+l). 
ProoJ: We note that 
(l),p,(A)= fi (A-$-!a) 
i=l 
fi (l+mi-$-!a) 
m, i=l 
= fi (A-$--!a) (A+ I),. 
i= 1 
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Now, by Theorem 2 and Lemma 4, we have 
k WA= 1 (J), Qi. 
mb0 
= ,;, (n), PL,(Jb) Krn(z, WI 
= 4 r I- 
i- 1 
-p h(z, w)y+“. 
,=I > 
This proves the theorem. 
For every positive integer S, we define 
Letc,=~~~~,~~~,(~+j-1-((i-1)/2)a).AsacorollaryofTheorem5, 
we have 
THEOREM 6. For every positive integer s, 
9”h(z, w) -P = c,h(z, w) -‘p + y’. (7) 
Remark. It is not hard to see that 9’ is the unique one which satisfies 
(7) among the differential operators p(z, a/az) where p(x, y) are polyno- 
mials on Vx V. 
EXAMPLE. Let 
D={Z$ 5;) /I-zz*,oj, 
then D is a bounded symmetric domain of tube type. In this case, d(Z) is 
just the ordinary determinant of the matrix Z, det Z= z,zq -zzz3. We can 
give g1 and 2’ explicitly as 
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4. THE DUAL AND PREDUAL OF La(O) 
In this section we describe the dual and predual of LA(D). Some 
definitions and lemmas are needed. 
For y> - 1, let 
qz, w) = 4% w)’ h(z, wy+y 
by (5), we also have 
fqz, WI = K(z, wy+t zqw, w)’ 
where t = y/p. 
Let b, = l/SD h(z, z)’ dV(z). 
For 1 <q < co, one defines P,: Ly(D) -+ H(D) by 
(P,f)(z) = b, f, f(w) K,(z, w) @(WI 
and one also defines T, on L”(D) by 
(T,f)(z) = 1 f(w) ll%,(z, w)l Ww). 
D 
We note that P, is the Bergman projection. The following result, which is 
a partial generalization of Theorem 7.1.4 in [7], is of independent interest. 
LEMMA 7. (i) Z’y>((r-1)/2)a, then T,,:L’(D)+L’(D) is bounded. 
(ii) Ify > ((r - 1)/2)a, then P,: L’(D) --t LA(D) is bounded, moreooer, 
P,f=fforallfEL~(D). 
Proof The duality between L’(D) and L”(D) shows that T, is 
bounded on L’(D) if 
sup s I&,(z, w)l dV(z) < co. (8) ;ED D 
Since y > ((r - 1)/2)a, by Theorem 4.1 in [4], (8) is true. Thus, we have 
proved (i). Now the first part of (ii) follows from (i). By Remark 3 in [4], 
we have 
Pyf =f3 t’f EH”(D). 
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The boundedness of P, and the fact that H”-(D) is dense in t:(D) imply 
that 
P.>f =f, Vf E C(D) 
completing the proof. 
Now recall that 
and 
@(D) = {f E L:(D) I SUP h(z, zY I(W)(z)1 < a} 
:tD 
B;(D) = {f E L’(D) 1 lim h(z, z)” I(gasf)(z)l = 0}, :-SD 
where I’D is the topological boundary of D. a’(D) and &(D) become 
normed spaces with the norm I( f II * = supze D h(z, z)’ I(S”f )(z)l. 
The following result is contained in Theorem 5.2.7 of [S]. 
LEMMA 8. Every f E H(D) can be expanded as 
f(z)= c f,(z), 
ma0 
where f,,,(z) E p’,, the series converges uniformly and absolutely on compact 
subsets of D. 
LEMMA 9. Iff E H(D) such that $3y= 0, then f E 0. 
Proof: By Lemma 3 and Lemma 8, 
W(z)=~” c f,(z) 
ma0 
Sincep=2+(r-l)a>((r-1)/2) a, it follows that p,,,(p + s - 1) . p,(p) 
> 0, Vm > 0. Now SSf E 0 implies that f,,, 3 0, Vm 2 0, therefore, f s 0. 
LEMMA 10. For s> ((r- 1)/2)a, iff E H(D) such that 
I h(z, z)’ If(D)1 dVz) < a, D 
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Proof: The lemma follows from Remark 3 in [4]. 
Let P be the Bergman projection. 
THEOREM 11. For s>((r-1)/2)a, P:L”(D)-+&(D) is bounded and 
onto. 
Proof First, we show that P(L”) t a’(D) and P is bounded. Let 
g(z)=P(b)(z)=SD~dV(rv), be L”(D), 
3 
then 
h(z> zY (%)(z) = c,h(z, z)”sh,zb;l;+s d’-(w). 9 
By Lemma 7 and Fubini’s Theorem, there exists a positive constant C such 
that for anyfE L’(D), 
s If(z) k z)” (W)(z)l dV(z) D 
’ cs < II “@) h(z’ ‘Is dV(z) lb(w)1 dV(w) D D Ih(w,z)lP+S 
Therefore, h(z, z)” (Pg)(z) E L”(D), that is, ge g.“(D), and IIP(b)ll* < 
C llbll,. 
Secondly, if fE &D)S, let 
b(z) = + h(z, z)’ @y)(z), 
s 
then b E L”(D). By Lemma 10, 
(W)(z) = bs j-D h;;w;;):s (W-)(w) d’(w) 9 
= 9’( P(b))(z). 
DUALITY AND DIFFERENTIAL OPERATORS 181 
By Lemma 9, f(z) = P(b)(z). We have proved a”(D) c P(L” ). This finishes 
the proof of the theorem. 
If ZE L:(D)*, the dual of LA(D), we denote the norm of 1 by (/1(1. 
If g E d’(D), let 
L,(f) = jD f(z) 4 z, ZY (9%)(z) dYZ)> .f E Lm (9) 
then 
IL,(f)1 G l\gll* llfll 1. (10) 
Hence, L,, defined by (9), is a bounded linear functional on L,(D). 
Now we define 
L: @(II) -+ LA( II)*, 
L(g)=L,. 
THEOREM 12. For s > ((r - 1)/2)a, Lb(D)* = a’(D). More precisely, L is 
one-to-one and onto. Furthermore, there exists a positive constant C such 
that 
c l/g/l* G IlLgIl G Ilgll,. 
Proof. First, suppose that L,(f) =O, Vf E L:(D). Since h,(z) = 
h(z, u)-(P+~) E L:(D), by Lemma 10 and (9) 
0 = b.r jD h,(z) h( z, ZY (W)(z) dV(z) 
By Lemma 9, g z 0. Thus we have proved that L is one-to-one. 
Secondly, if 1 is a bounded linear functional on L:(D), then, by the 
duality between L’(D) and La(D) and the Hahn-Banach Theorem, there 
exists a function b E L”(D) such that 
4.f) = j f(z) b(z) dVz)> vf+m 
D 
with I/11( = llbll ru. Let 
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then, by Theorem 11, g E d’(D). Now by Lemma 7, Lemma 9, and Fubini’s 
Theorem, 
Hence, I= L,, this implies that L is onto. 
The above arguments also show that for any g E a’“(D), 3b E L”(D) such 
that g = P(b) and I( L, 1) = j/b/( co. Now applying Lemma 7 and Fubini’s 
Theorem, we have 
jD f(z) h(z, ~1’ (%Nz) Wz) = jD (Tsf)(z) b(z) Wz) 
G C llbll a, llfll 1 = C IIL, II llfll 1, 
where C is a positive constant independent off and g. Thus, 
Ilgll*dC IlLgIl. 
Finally, by (lo), 1) L, /I < 11 gl/ *. This completes the proof. 
COROLLARY 13. For all s > ((r - 1)/2)a, the g’“(D) are the same. 
Let C(B) be the space of continuous functions on d and C,(D) the 
subspace of C(D) consisting of functions which vanish on aD. 
COROLLARY 14. a’(D) and B;(D) are Banach spaces under the norm 
II II*. 
Proof Since the dual space of a Banach space is a Banach space, by 
Theorem 12, g’(D) is a Banach space under the norm (I I(*. 
To show that a:(D) is a Banach space, it suffices to show that a;(D) 
is a closed subspace of i&(D). 
Suppose that {fk} is a Cauchy sequence in a:(D), then there exists a 
f E @(D) such that 
IlWFf~) - h”(W)ll co + 0. 
Since hs(9yk) E C,(D), and C,(D) is closed under the norm I( /I m, we have 
h”(Wf) E C,(D), that is, YE 6?:(D). 
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Now we proceed to determine the predual of L:(D). Our work is 
motivated by [9]. 
The following result has its own interest. 
THEOREM 15. 
P: C(D) --) LB;(D), 
P: C,(D) -+ B;(D) 
are bounded and onto. 
Proof. First we show that P maps C(D) into a;(D) and is bounded. 
We observe that polynomials are obviously contained in B;(D). Since 
P: C(D) + a’(D) is bounded and &i(D) is closed in Z%‘(D), by the 
Stone-Weirestrass Theorem, it is enough to prove that P(w”g) E L@(D) 
for all a, j? E Z$ . We note that 
I w+km(z, w) dV(w) = 0 D 
if Irnl + I/?\ > jell, since D is circular. Now by Theorem 2, we have 
PW~“)= 1 (PI, s, w’WBKm(z, w) dV(w) E ??( Vc) c B;(D). 
ma0 
Secondly, it follows from the proof of Theorem 11 that P maps C,(D) 
onto &i(D). This finishes the proof. 
COROLLARY 16. iP( V”) is dense in @j(D). 
We define V,Y: a;(D) -+ C,(D) by 
( Vs/,fk) = wz, ZY (W )(z). 
It follows from Lemma 9 that V, is one-to-one. 
Now we have 
THEOREM 17. a;(D)* = LA(D) with the pairing 
CL g> =s, f(z) g(z) dJ’(z), f&W), ‘!FJ$m 
Remark. The above pairing is not defined for all f E B;(D), however, it 
is well-defined for all f~ H(b), a dense subspace of d;(D). Therefore, the 
pairing determines a bounded linear functional on g;(D). 
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Prooj First, we show that every ge L:(D) defines a bounded linear 
functional on i&(D) by the pairing 
u-, g> = JD f(z) g(z) mz). (11) 
In fact, for any f E H(a), by Fubini’s Theorem and Lemma 7, we have 
/cc g)l= J/-cz)g(z)dv(r)l 
b =2 II c, D NW, I” (W)(w) g(w) dV(w) 
+ llgll, Ilfll,. 
s 
Hence, (11) indeed determines a bounded linear functional on i@;(D). 
Moreover, by Theorem 2, it is easy to see that if gE L:(D) and for all 
f E~VC), 
J f(z) ‘Y(z) Wz) = 0, D 
then g c 0. Since i@(D) contains 9( V’), it follows that different functions 
in L:(D) define different functionals. 
Now we suppose that 5 is a bounded linear functional on 6&,(D), then 
5 0 V;’ is a bounded linear functional on V,g;(D) c C,,(D). Using the 
Hahn-Banach Theorem, we extend 5 0 V;’ to a linear functional on C,,(D) 
with the same norm 115 0 V,’ II. By the Riesz representation theorem, there 
exists a finite complex Bore1 measure p on D such that 
50 Y-W = JD h(z) ~z), Vh E C,,(D). 
Define 
g(z) = JD h;;w;;);s c+(w). , 
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From the proof of Lemma 7, one can see that g E L:(D). For f~ 8( V’), by 
Fubini’s Theorem, 
= 5 D f(w) g(w) Mw). 
This completes the proof of the theorem. 
Remark. The main results in this paper can be generalized to the case 
of the product of irreducible bounded symmetric domains of tube type. In 
particular, if D” is a polydisc, we can show that 
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